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1. Answer the following as directed : 1x10=10

(a) Describe an open ball in the discrete
metric space.

(b) Find the derived set of the sets (0, 1]
and [0, 1]. |

(c) A subset B of a metric space (X, d) is
open if and only if
) B=B
(i) B=B°
(i) B#B |
. Bo

) 57 (Choose the correct one)
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 (d) Which of the following is false ?
@ ¢°=¢ X=X
(i) AcB= A°cB°
i) (ANB)°=A°NB°
(iv) (AUB)°=A°UB°

where A, B are subsets of a metric
space (X,d). (Choose the false one)

(e) The closure of the subset

S 11
F={1;§,§, ----- } of the real line R is

Q) ¢
i) F
i) FU{0}

) F-{0}
" (Choose the correct one)

(f/ In a metric space an arbitrary union
of closed sets need not be closed.
Justify it with an example.
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(g) If A is a subset of a metric space
(X, d), then which one is true ?

6 d(a)=d(A)
G d(a)=d@) -
(i) d(A)>d(A)

)

(i) d(a)<d(@
(Choose the true one)

(h) When is an improper Riemann integral
said to be convergent ?

() Evaluate [e™*dx if it exists
: |
() Show that I'(1)=1

2. Answer the folloWing questions : 2x5=10

(a) Let F be a subset of a metric space
- (X,d). Prove that the set of limit

points of Fis a closed subset of (X, d).

(bp) If F; and F, are two subsets of a
metric space (X, d), then
'Eﬁ‘—FE:EnFZ. Justify whether it is
false or true.
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(c Let (X,dy) and (Y,dy) be metric
spaces and f:X-Y. If for all

subsets A of X, f(A)cF(A), then
show that fis continuous on X.

(d) Let f: [a, b}—)IR be integrable. Show
that |f| is integrable.

(e) Show that the function f:[a,b]->R
defined by f(x)=c for all xe[a, b] is
integrable with its integral c(b-a).

3. Answer any four parts : "~ 5x%x4=20
(a) Define a complét‘e metric space. Show

that the metric space X =R" with the
metric given by
1
| d,,(x,y)=(ZIxi i lP)7, p21

where x=(x, Xg, ..., x,) and

y =(y1: Yas ooy y,.) are in ]Rn, is
a complete metric space. 1+4=5
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(b) Let (X,dy) and (Y,dy) be - metric

(c)

@
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spaces. Prove that a mapping
fi XY is contmuous on X if and

only if f‘l(G) is open in X for all open
subsets Gof Y. - 5

Prove that if the metric space (X, d) is
disconnected, then there exists a
continuous mapping of (X, d) onto the

discrete two-element space (X,,d,)-
5

Let f :[a,b]—-)R be a continuous

function. Prove that f is integrable.

Discuss the convergence of the integral

j' -.—1;,- dx for various values of p. 5
1 x

Show that for g > -1,
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4. Answer any four parts : 10x4=40

(@ () Let (X,d) be a metric space.
" Define d: XxX >R by ’
d(x,y)
d(x,y)=—20Y)
(’f y) Trd(x,y) for all

x, y € X.. Prove that d'-is a metric
on X. -

Also show that d and d' are
e’quivalent metrices on X.
4+2=6

(i) Prove that a convergent sequence
- in a metric space is a Cauchy
sequence. 4

(b) () Let (X,d) be a metric space and
‘ F be a subset of X. Prove that F

is closed in X if and only if F¢ is
open. 5

@ If (Y,dy) is a subspace of a

metric space (X,d), then show
that a subset Z of Yis open in Y
if and only if there exists an open
set Gc X such that Zz=gy.

S
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() Prove that a metric space (X,d) is
- complete if and only if for every nested

sequence {Fn} as1 of non-empty closed

subsets of X such that d(F,)—>0 as

-]
n — o, the intersection ﬂan contains
n=

one and only one point. - 10

(d) ()

(@

(e) ()
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Prove that in a metric space
(X, d), each open ball is an open
set. B 4

Let (X, dy) and (Y, dy) be metric
spaces and Ac X. Prove that a
function f:A—>Y is continuous
at a € A if and only if whenever a
sequence {x,} in A converges to

a, the sequence {f (x.)}

converges to f(a). 6

Define uniformly continuous
mapping in a metric space. Give
an example to show that a
continuous mapping need not be
uniformly continuous. 1+4=5
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(i) Prove that the image of a Cauchy
sequence under a uniformly
continuous mapping is itself a
Cauchy sequence. ' S

() Let (R,d) be the space of real
numbers with the usual metric. Prove

that a subset I cR is connected if
and only if I is an interval. 10

(g Let f:[a,b]>R be a bounded

function. Show that f is integrable if
and only if it is Riemann integrable.
10

(h) (i) State and prove first fundamental
theorem of calculus. Using it
show that ' ‘

a 4
E[f(x)dx=94— for f(x)=x>.

1+3+2=6

(i) Let f be continuous on [a,b].

Prove that there exists cela, b]
1 b
such that E{f (x)dx = f (C)
4
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1. Answer the foliowing as directed © 1x10=10

‘(l) Is ]R"’(IR) is a subspace of IR3(IK{) ?

| (u) Let A be a 5><4 matnx If null space of
A is a subspace of R¥ then what is k?

(iii) Let S be a subset of a vector space
V(F)-and S contains zero ‘vector of V.

.. Then S'is
(A)  linearly. mdependent
(B) linearly dependent
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(C) Both linearly independent and
linearly dependent

(D) None of the above
- . (Choose the correct option )

(iv) Write the standard basis of the vector
space of polynomial in x with real co-

efficient of degree < 3.

(v) “The eigenvalues of a triangular
matrix are the entries on its main
diagonal.” ' (State True or False)

(vi) Define inner product on R",

(vii) Which vector is rorthogon’al to every

vector in R" '?
(viii) How do you explain dim W =1

geometrically where W is a subspace
of the vector space IR{3(IR{) ?
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(ix) Let A be the 4 x 4 real matrix,

1 2 0 O]
-1 1 0 O
A=

2 -2 -2 0
1 1 -2 1

Then the characteristic polynomial
for A is

(A)  x*(x-1)2
(B) (x-1)2(x+1)?
(C) x*(x+1)°
(D) None of the above
( Choose the correct option )

(x) What do you mean by the length of
a vector in R" ?

2. Answer the following questions : 2x5=10

i) Let V be the vector space of all
functions from the real field R to R.

Show that W={f: f(7)=2+f(1)} is
not a subspace of V.

(i) Show that every subset of an
independent set is independent.
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3.

1 6 3
(iij) Let A= and v=| . |.Isva
5 2 -2

(iv)

eigenvector of A ?

Let T be the linear operator on R3
defined by T{a,b,c)=(a+b, b+c, 0).

" Show that the

(v)

xy-plane = {(x,y,0): x,yeR} is
T-invariant subspace of R3.

_|7 14 .
Let Y=|g and U= 2.Fmdthe

orthogonal projection of y onto u.

Answer any four questlons 'SX4=20

‘(i) -

UVpe.e, Uy ATE linearly dependent if

),

Prove that the non-zero vectors

and only if one of them is a linear

- combination of the preceding vectors.

.Let v,v,,..,v, be non-zero

eigenvectors of an operator T:V -V
corresponding to distinct eigenvalues

M55 +es A Prove that v,,v,,....,v, are

linearly independent.
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(i) Let A and B be two similar matrices
of order nxn. Prove that A and B
have same characteristic polynomial
and hence the same eigenvalues.

21 O
(iv) Let A={0 1 -1|. An eigenvalue of
o 2 4

A is 2. Find a basis for the
. corresponding eigenspace.

(v) Let =l-a 1| Find a formula
for A%, given that A = PDP"' where

11 [5 0
P’[-l -2] andD'[o 3]-

(vi) Define orthogonal set. If
S= {ul,u.p..., up} is an orthogonal set
of non-zero vectors in R7, then prove
that S is linearly independent and
hence is a basis for the subspace

spanned by S.
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4. (i) If a vector space V has a basis
B ={v,v,,....,v,}, then prove that any
set in V containing more than n
vectors must be linearly dependent.
Also show that every basis of V must
consist of exactly n vectors. 5+5=10

OR

Let U and V be vector spaces over the
same field. Let {ul, u2,....,un} be a

basis of U and let v,,v,, ....,v, be any

arbitrary vectors in V. Prove that there
" exists a unique linear mapping

f:U—->V such that ‘
‘ f(ul) =1, f(u2)= V2, ""':‘f(un): Un 10

(ii) Find the eigenvalues and eigenvectors

L[5 4] = |
ofA=[1 2]. 10
OR

State Cayley-Hamilton theorem for
matrices. Use it to express
‘2A%-3A*-A%-4I as a linear
polynomial in A, when A=[ 31

-1 2
10
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(iii) Let T be the linear operator on R3,
defined by

T(x,y,2)= (Qy+z, x-4y, 3x)

(a) Find the matrix of T in the basis
{e,=(1,1,1), e,=(1,1,0), e;=(1,0,0) }

(b) Verify that [T ] [v].=[T(@)]. for
any vector peR3. 4+6=10
OR

An nxn matrix A is diagonalizable if
and only if A has n linearly
independent eigen-vectors. 10

At

(iv) Define orthonormal set and
orthonormal basis in R™ Show that

{u,,u,,u,} is an orthonormal basis of

R3, where .
3/J11 -1/V6 -1//66
w =| Y11 |+ uy=| 12/4/6 u, =| -4/J66
41T | 1/v6 | 7/\66
1+1+8=10
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OR

Define inner product space. Show that
the following is an inner product in R?:
(u, v ) = X Y1~ XYz — XU +3X2Y

where u=(x;’x2): v= (yl:yé)'
Also show that for all u, v in R?

Ju +v| <|ul+|v| 2+5+3=10
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