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MATHEMATICS
( Major )

Paper : MAT0500204
( Theory of Real Functions )

Full Marks : 60
Time : 2% hours

The figures in the margin indicate full marks
for the questions.

1. Answer the following questions : 1x8=8

fa) ls every limit point of 2 set ACR
necessarily an element of A?

(b) Write the ¢-8 definition for

lim(2x) =6
x—3

(c) A function f is continuous at a if
whenever a sequence {x, } gets closer to
a, what must happen to the sequence

{f(xa )} ?
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(2)

d ¥ f is continuous on g b and
f@ <0< f(b) what must happen
according to the intermediate value
theorem?

(e) Is every continuous function on a closed
and bounded interval [g, b| uniformly
continuous?

(H If f' exists on [a bl, what must be true
about f’ on the interval [a, b]?

(g Taylor’s theorem can be used to
approximate functions. If R,(x) is the
remainder term of order n, what

inequality does it satisfy for some &
between O and x?

(h) A function f is differentiable at x=a if
and only if there exists a function O(x)
continuous at a such that

f(x) = f(a) + ¥ x)(x —a). What is &a)?

2. Answer any six of the following questions :
2x6=12
(a) Let A={l:ne N}
() Find all limit points of A;
(i) 1s O an element of A?

(b) Using €-9 definition prove that

lim Bx+1)=7

x—>2
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(c)

(@)

(e)

)

()

(i

)
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(3)

Evaluate :

1
) lim —
U x—0+ x2
2x2 +3
i) lim
(i) lim =5
Let f(x)=x2. Using sequence, show

that f is continuous at x =3.

Let f(x)=x°-3x on [-2, 2} Find the
maximum and minimum values of fon
this interval.

Let f(x)=x3 - x—2, show that f has a
root in the interval {1, 2]

Let f(x)=x?. Using Caratheodory’s

i i the form
approach, write f(x) 1n
fI()X)=f(a)+¢(x)(x—a) and find §a) at

a=1

d - .
If y.—.sin(xg), find _d% using the chain

rule.
Find the first four terms of the Taylor

1
] x) = —— about x=0.
series of f(x) T x

Suppose f is differentiable on [0, 2] with
f’(0)=1and f'(2) =5. What can you say
about the values of f on (0, 2)?
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(4)

3. Answer any four of the following questions :
5x4=20
{(a) Let

A={—n——:ne N}
n+l

(i) Find all limit points of the set A.
(i) Using the sequential criterion,

prove that liml f(x)=2, for f(x) =2x.
x—

(i) Is 1 an element of A? Justify.
1+2+42=5

(b) (i) Using the -8 definition, prove that

lim(5x-4)=11

x—3

(ii) Evaluate the one-sided limit

. 1
lim —
x—=0+ X

3x2 +2

(i) Find lim

Xoew x< -1

(¢) Let f(x)=x? and g(x)=sinx.

() Using the sequential criterion,
prove that fis continuous at x=2

(@) Using continuity of f and g, prove

that f(x)+g(x) is continuous at
xX=2,
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(5) (6)

(d) Let f(x)= 3 —6x2 +9x+2 on the (iii) Apply the mean value theorem for
interval [0, 4]- the interval [-1, 2] to find ¢, such
(i Find the points where f(x) attains that f’(c)=_f(-2)—lf£:12.

its maximum and minimum on [0, 4] 2-¢D
and determine the corresponding () () Find the first four non-zero terms of
values. the Taylor series of sinx about

(i) Show that f(>9 has at least one root x=0.

in the interval [0, 1} (i) Find the first three non-zero terms

about

, . 1
() () Prove that f(x)= Jx is uniformly of the Taylor's series of T x

continuous on [0, 4]. % =0.

@ 1f f is strictly increasing and i) Use the first two terms of the
continuous on [a, b], show that ! expansion of a+ 95, to
exists and is continuous on approximate (1,02)5_

[f(a), f(D)
r any two of the following questions :
g Let £ =Inl+x. 4. Answer & 10x2=20
) Show that fis differentiable at x =

('z') ht'J f ’ atx=1 @ Letf: R-{2} = R be defined by

(i) Using Caratheodory’s theorem, )
express f(x) =f()+¥x)(x-1) and x< -4 k%2
find &1). f={ x-2

(iii) Verify that &1) = f'(D. undefined , x=2
(i) Show that 2 is a limit point of the

(g) Let f(x)= x3 ~3x on [/3, V3. domain.
(i) Verify that f satisfies the conditions (i) Using the &3 definition of limit,
of Rolle’s theorem. prove that
(i) Find all points c in (—/3, V3) where .
] lim f(x)=4
f (c) = 0. x—2
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(7))

(i) Determine whether
i d li X
xll)n;_ f(x0) an Jim f(0

exist. Justify your answer.

(iv) Evaluate

lim f(x) and 1iE)n 2x - f(x)

xX—=ro0

using appropriate limit theon-em.s
and state whether either limit
diverges to infinity,  diverges
without limit or converges.

() Let f:[0, 3] —s R be defined by

x2_.2x, 0<x<2
f)= 4-x ,2<xs3

(i) Using the sequential  criterion
determine whether f is continuous
at' x=2.

(i) On the interval [0, 3] verify that the
maximum-minimum theorem holds
and hence determine max f and
min f.

(iii) Show that the equation f(x) =1 has
at least one solution in [0, 3].

(iv) State with justification whether f is
uniformly continuous on [0, 3).
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(8)
{c) Let g:(1, 4 >R be defined by
g =vx-1.
(i Prove that g is continuous on its
domain.

(ii) Determine whether g is uniformly
continuous on (1, 4. Give a
justification using the uniform
continuity.

(iii) Let h(x) = x3. Show that since h is
continuous and monotone on R, its
inverse h™! is also continuous.

() If k(x) = g(x) + h(x), discuss whether
k is continuous on (1, 4].

(d) Let f(x)=xe*, xeR.

() Show that fis differentiable at all
X€ R and find f'(x).

(i) Let g(x) =In(1+ x), x>-1. Compute
2 g5)
ax 2

(i) Using Rolle’s theorem, show that

there exists at least one ce (0, 1)
such that

Fio=10-10
1-0
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(9)

(iv) Using :[‘aylor’s theorem, derive an
inequality for e* on [0, 1] of the form
2

2
l+x+—%5e€ <l+x+—*t=X
2 2 6
(v) Using derivative of the inverse

function, find %(f‘l(x)) at x = f(0).

(e) Let h(x)=1n(1 + x), x> -1
(i) Show that h is differentiable and
find h'(x)-
(ii) Let -k(x)= e* -1, xeR Using
derivative of the inverse function,

find 4 k().
dx

(iii) Using the Cauchy mean value
theorem to show that f(0) = In(1+x)
and g(x) =% there exists c€ (0, a),
such thatI

f@-f0O) £
SN - = c)
g(a) - 90)

(iv) State Caratheodory’s theorem in
R™. Then using the theorem,
explain why any point in the convex
hull of a set SC R? can be written
as a convex combination of at most
four points.
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(v) If f(xg) <0 and f’(x;) >0 for some
differentiable  function f, use
Darboux’s theorem to explain why
there must exist a point ¢ between
xo and x; such that f {0 =0.
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