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MATHEMATICS

(Honours Elective )

Answer the Questions from any one Option.

OPTION - A
Paper : MAT-HE-5016
( Number Theory)

OPTION-B
Paper : MAT-HE-5026
( Mechanics)

OPTION-C
Paper : MAT-HE-5036
( Probability and Statistics)

Full Marks : 80
Time : Three hours

The figures in the margin indicate
full marks for the questions.
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OPTION - A
Paper : MAT-HE-5016
( Number Theory)

1.  Answer the following questions as directed :

(@)
(b)

(

(@

1x10=10
State Goldbach conjecture.

If p and g are twin primes, then which
of the following statements is true ?

i ipg— (DRl
(@) pg=(p+1)°+1
(i) pg=(p—1)°+1

(iv) None of the above

Give an example to show that

@’ =b’(mod n) need not imply that

a = b(mod n).

State whether the following statement
is True or False : -

“The polynomial function f:N>N

defined by f(n)=n*+n+41 provides
only prime numbers.”

3 (Sem-5/CBCS) MATHEL/2/3/G 2

:

2

3 (Sem-5/CBCS) MAT HE1/2/3/G 3

(e)

),

(h)

0)

Answer the following questions :

Define a pseudoprime number.

Find the sum of all positive divisors of
360. :

Which of the following is a perfect
number ?

i 9
(i) 10

(i) 18

(iv) 28

If x is not an integer then find the value
of [x]+[-x].

State whether the following statement
is True or False :

“If 7(n) is an odd integer, then (n)r(”)

is not an integer.”

Find the number of integers less than
900 and prime to 900.

2x5=10

(@) Find the remainder when 4 185 is divided,

oy 7!
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()

(@)

(e)

Answer any four questions :

(@)

(b)

(c)

=

If a=b(modn), then show that

a-m=b- m(modn), where m is any
integer.

Show that any prime of the form 3k + 1
is also of the form 6k +1, where kis an
integer.

If nis an odd positive integer, then prove

that ¢(2n) = ¢(n).

n
For n > 3, evaluate Z u(n!)
k=1 :

Show that a = b(modn) if and only if a

and b have same remainder on division
by n.

Show that there are infinite number of
primes of the form 4, Tl

Solve using Chinese Remainder Theorem
the simultaneous congruences ;

2@mﬁ¢2yxE6@nmuosz1umﬁ1@

3 (Sem-5/CBCS) MATHE1/2/3/G 4

5x4=20
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(b)

If pis a prime and nis a positive integer,
then show that the exponent e such that

= n
p° / n! is atmost Z[—TJ
i=1
Show that the system of linear
congruences
ax + by =r(modn)
cx +dy = s(modn)
has a unique .solution modulo n

whenever ged(ad -bc, n) =1,

If n>1 is an integer, then show that

a(n) is odd < n is a perfect square or

twice a perfect square.

State and prove Fermat's theorem. Is the
converse of this theorem true ? Justify
your answer. 1+5+4=10

OR

() Show that every integer n>1, is
either a perfect square or the
product of a square-free integer and
a perfect square, 5
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)

Let

n=a,, (1000)™ +a,_; (1000)™ " +...+ a, (1000) + a,

(@)

If nis the product of a pair of twin
primes, prove that

g(n)o(n)=(n+1)(n-3). - 3
where a,’s are integers such that
5 ; OR
0<a;<999 and T.= Z (=1)" a. (b) (i) If f is a multiplicative arithmetic
o WL £ 130 function, then show that
Prove that n is divisible by 7 if and
only if Tis divisible by 7. 5 (W)= 2. f(d) ang
b0 5 ; I ol I i ; T
5. (a) () If pis a prime then show that //{., | e \ﬁ\\ ‘ (n) Z (d) £ (d)
3 ; 7 | &N bt )= 74
(p-1)!=-1(mod p). Also verify it /"3'/ | \{;\ 2 L 1
forgpi=skas 4+3=7 \ b ? ] are both multiplicative arithmetic
: : : 2 AR T GO ST - 7
Wiy shov thatauiteesmolihc o If nis an even positive integer, then
n . 1 is not a prime. 3 7
Sy | prove that ¢(2n) =24(n). 3
OR

(b) State and prove Fundamental Theorem

of Arithmetic. Also find a prime number ; 7. (a) () Define Mobius pair. If (f,g) is a
p such that 2p +1 and 4p+1 are also “ Mobius pair and either f or g is

W 1+6+3=10 multiplicative then show that both
DIILIES. fand g are multiplicative. 2+3=5

For each positive integer n>1,

6. (a) ()

(ii) If pis a prime number and kis any

prove that positive integer, then show that
n 1 :
—F N d)F=nH(1—“—J ekl el
#(n) WZR e el 5
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OR

(b) (i) If x and y are real number then |

show that

[x]+[y]s[x+y]<[x]+[y]+1. 5

(ii}. Hl =y L e v erclintis
are distinct primes and
e Nl ihenSforeachie =
prove that

r

o(n)=[1(m+1). 5

=il
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OPTION - B

Paper : MAT-HE-5026
/

/ ( Mechanics )

1. Answer the following questions: 1x10=10

(a) State the parallelogram law of forces.

(b) Can a force and a couple acting in one
plane maintain equilibrium ?

(c) What is the position of the centre of
gravity of a uniform triangular lamina ?

(d) Write down the relationship between the
co-efficient of friction and the angle of
friction.

(e) What is the physical significance of
moment of a force about a point ?

() Write the expressions for radial and
transverse components of acceleration
of a particle moving in a plane curve.

(g) Define a conservative force field. Give one
example.

(h) State the principle of conservation of
energy.
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(i) A particle moves in a straight line from’
a distance a towards the centre of force,

the force being varies inversely as the "
cube of the distance. Write down th\

equatlon of motion.

() State Hooke’s law of elasticity.

2. Answer the following questions : 2x5=10)

(@) Find the angle between two equal forces
each equal to P, when their resultant is
a third equal force P. :

(b) Two men are carrying a straight uniform

man supports it at a distance of 1m from
one end and the other man at a distance
of 2m from the other end. What weight
does each man bear ?

bar 6 m long and weighing 30 kg. One ’

() Prove that the centre of gravity of a body
IS unique.

(d) ‘An impulse I changes the velocity of a
particle of mass m from v, to v,. Show
that the kinetic energy gained is

1
EI.(U1+U2)_
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(@)

P

State Newton’s 2nd law of motion. How
does the 2nd law of motion give us a
method to measure force ?

3.~ Answer the following questions : (any four)

5x4=20

Force P, Q, R acting along @AOB, 06,
where O is the circum-centre of the
triangle ABC, are in equilibrium. Show
that

Q i R

az(_b2 +c? ~a2) bz(c:2 L —bz) c? (a2 +b> —cg)

(b)

(c)

Prove that, any system of coplanar forces
acting on a rigid body can be reduced
ultimately to either a single force or a
single couple unless it is in equilibrium.

A uniform ladder rests in limiting
equilibrium with the lower end on a
rough horizontal plane and its upper end

against a smooth vertical wall. If g be
the inclination of the ladder to the
vertical, then prove that tanf=2y,

* where u is the co-efficient of friction.
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(d) A particle is constrained to move along

(e)

the equiangular spiral r = ae? so that
the radius vector moves with constant
angular velocity w. Determine the
velocity and acceleration components.

A particle of mass m is acted upon by a

4
a

force m/,z[x +—3] towards the origin. If
x

-

e

Pand Q are two like parallel forces.
If a couple, each of whose forces is
F and whose arm is a in the plane
of Pand Q, is combined with them,
then show that the resultant is
displaced through a distance

Fa

! 5
P+Q

it starts from rest at a distance @, show (RISRNEE NS thatuf thr|e 4 coplanas forcses

that it will arrive at the origin in time acting on a rigid body be in

% i equilibrium, then they must either

:}7_.__ '8 all three meet at point, or else all
H must be parallel to one another.

(f) A particle falls under gravity, supposed i i
constant, in a resisting medium whose I I P O R ;
resistance varies as the square of the ’ ) () Ece__ ’E 2% a'long thesides
velocity. If the particle starts from rest, i BC, CA, AB of the triangle ABC
derive the expression for velocity of the ' A D
particle at the end of time t. [ anldeiorcesEEC O RSaCt alongr

_ ' ‘ OA,OB,0C , where Ois the circum-
4. Answer the following questions : (_a'll-g ﬁ’i‘; {j centre, in the senses indicated by
' the order of the letters. If the six
(@) (i) If the resultant of two equal forces : forces are in equilibrium, then show
inclined at an angle 29 .is t\.)vice as ‘ ' that P cosA+QcosB + RcosC =0
great as when they are inclined at '
an angle 2¢, then prove that and Pf il Ql? i RR _ o] 6
cosf =2cosg. 5 ¢
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(i) Define force of friction. What is
limiting friction ? State the laws of
statical friction and limiting friction.

1+1:+8=5

(i) A body of weight Wrests on a rough
horizontal plane, 4 being the
corresponding angle of friction. It
is desired to move the body on the
plane by pulling it with the help of

a string. Find the least angle of

friction and the least force

necessary. S

(d) (i) Find the centre of gravity of the arc

of the astroid

23 +y2/3 _ g3

lying in the first quadranf. .

(i) Find the centre of gravity of .the
solid formed by revolving

r =a(l+cosd) about the x-axis.
5
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(e

A particle P, of mass m, moves in a
straight line OX under a force
my (distance) directed towards a point
A which moves in the straight line OX
with constant acceleration a. Show that
the motion of P is simple harmonic of

2
eriod " [, about a moving centre which
P J; g

a
is always at a distance ; behind A.

10

One end of an elastic string, whose
modulus of elasticity is ; and whose
unstretched length is q, is fixed to a point
on a smooth horizontal table and the

- other end is tied to a particle of mass m

Which is lying on the taple. The particle
is pullled to a distance where the
extension of the string is b and then let

80; show that the time
: of a
oscillation ig g

2(/2’+—2—G~ Sl
b IR
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(g)

(h)

() = Show that the path of a point P
which possesses two constant
velocities u and v, the first of which

. 1s in a fixed direction and the
second of which is perpendicular
to the radius OPdrawn from a fixed
point O, is a conic whose focus is O

et i S
and whose eccentricity is —. S
v

(i) A curve is described by a particle

having a constant acceleration in a |

. direction inclined at a constant
angle to the target; show that the

curve is an equiangular spiral. 5

A particle falls from rest under gravity
through a distance xin a medium whose
resistance varies as the square of the
velocity. If v is the velocity actually

acquired by it, v, is the velocity it would

have acquired had there been no
resistance and Vis the terminal velocity,

show that
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g OPTION-C
~ Paper : MAT-HE-5036

g : "('f’robability and Statistics)

1. Answer the following questions as directed :
: 1x10=10

(@) Find the total number of elementary
events associated to the random
experiment of throwing three dice.

(b) Define probability density function for a
continuous random variable.

() If P(x)=0.1x, x=1
0, otherwise

el 12 e — il g =21

(d) If Xand Yare two random variables ang
UCU‘(X - Y) = UCU’(X) — UCIJ’(Y) then what
is the relation between X and Y?

(e) Can the probabilities of three mutually
exclusive events A, B C ag given by
O I
P(A)==,P(B)=1 !
() 3 () 4andP(C):€be

correct ? If not, give reason

() Mention the relationshi
mean, median and m
distribution.

AIp among the
ode of the normal
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(g) Under what condition cov(X,Y)=0 ? (c) Determine the binomial distribution for
(h) If X and Y are two independent random o which the fmcenigi e TeRE R Sa S
variables, then find var(2x +3y). N SN i) (d} ? random variable X has density
2 “"‘\‘t.‘:;_-\-\ unction given by
(i) Write.the equation of line of regression ff ' '\“f;;_"z G = DerZl =0
of xon y. ‘!“ | ‘ } -0, otherwise
() If a non-negative real-valued function f, \: / then find the moment generating

Answer the following questions :

(@)

(b)

which is the probability density function
of the continuous random variable X, is

Toiveniibyy Wi()=2x%,0sx<1  and

P(xza)=P(x>a), then find a

2x5=10
If A and B are independent events then
show that A and B are also independent.
Find k, such that the function f defined
by
f(x):kxzwhen0<x<1
0 otherwise

is a probability density function. Also

: P(l € B2 i
determine 3 5 )

L function.

(e) If X and Y are independent random
variables with characteristic functions

ox (0) and ¢y (w) respectively then
~ show that gy.y (@) = ¢x (@) oy (@).

Answer any four parts from the following :
‘ 9x4=20

(a) A bag contains 5 balls. Two balls are
drawn and are found to be white. What
is the probability that all are white ?

(b) A random variable X has the function
¢

f(x): x% +1

4

, where —» < x <, then
(i) find the value of constant c;
(i) find the probability that x?2 lies

1
between E and 1.
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(C
@

@ 0
(i)

Find the median of a normal

distribution. 5
A random variable X has density

functions given by
JiGd)= Der2X %20
O RO

Find (I) mean with the help of
moment generating function

m P[|Ix-4>1]. 5
A function f(x) of x is defined as
follows : '
f(x)=0 - for x <2

:~1—(3+2x)for2sx£4
18
=0, for x > 4

Show that it is a density function.
Also find the probability that a
variate with this density will lie in
the interval 2 < x < 3. 5
A random variable X can assume
values 1 and —1 with probability

1

2 each. Find -

(I) ~moment generating function
(II) - characteristic function. 5
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(e) (i) Derive Poisson distribution as a
limiting case ‘of binomaial
distribution. E

()L S RO f electric bulbs
l manufactured by a company are
| :  defective, using Poisson's
i - " destribution, find the probability
s} that in a sample of 100 bulbs
| exactly 5 bulbs are defective. [Given

3 =0.049791- S

() (i) Prove that variance of a random
variable X can be expressed as the
sum of the expectation offfthie
conditional variance and the
variance of the conditional
expectation 1s

var(X)=E [var (X/Y)—_\ = var[E (X/Yﬂ .
(i) Uf Xis a discrete random variable }ﬁ
having probability mass function T'

MassPoint- oalals]e] Q
P(X = x) [0 [k |2 |3k |4k |12 | 22 | 7% <&

determine :
(@) k
| (h) P(X<6) A
1 (d P(X26) 548
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(h). (1)

(i)
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ove that independent variables
are uncorrelated. With the help of
an example show that converse is
not true. 9

3 The coefficient of regression of Y

on Xis b, =121
If U:_){_—Q‘]:@andV:_}I__sﬁ

find bvu. S

What are the chief characteristics
of the normal distribution and
normal curve ? 4

Let X be a random variable with
probability density function

f(x)={c(1-x2) el sl

0 , otherwise

(@) What is the value of ¢ ? 3

(b) F_ifld‘ the cumulative
distribution function of X. 3
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