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The figures in the margin indicate
Jull marks for the questions.

1. Answer the following questions : 1x7=7

(@) Which point on. the Riemann sphere
represents « of the extended complex

plane CU{x}?

(b) A set SCC is closed if and only if S
contains each of its ______ points.
(Fill in the gap)

'C.o,ntd.b




(¢ Write down the polar form of the
‘ Cauchy—Rxemann equatlons

",(d) The function f (Z) Slnhz is a periodic
functlon with a peripd
' (Flll in the gap)

(e) Define a sunple closed curve.

il Write down the value of' the integral

if(z) Where f(z) ze? and Cis -

the circle |z|=

n2

Rind lim z,, where z, =_1+iﬂ,
©@ nowo T’ n :
Answer the following questions : 25{4=8

(a) Let f(z)—z—, |z|<1. Show that

lzm f (Z) = —, using -4 definition.

following :

(c) Evaluate the contour intééral

dz
I "z » Where C is the semi circle
z=€'%, 0<0<z

~(d) Using Cauchy’s integral formula, N

evaluate
. 2z

N o
(.[ 2 , Where Cis the circle |z|=1.

-

Answer .any three questions' from the
5x3=15

(@) Find all the fourth roots of —16 and

‘show that they lie at the vertices of a
square inscribed in a c1rcle centered at
the orlgm

~(b) Suppose f (2)=u(x, 'y)+iv(¥,»é),

(z=x+iy) and z, = x4 +iy,,
Wy = Ug + Vg . Then prove the
following :

lim u(x’ y):u
(x,y)e(xo;yo) 0

. ) ll \ v x) y =y .
(b) Show that all the zeros of sinhz in the (e y) - O’yo) . 3) " ifand only
complex plane lie on the imaginary axis. i lim flz)=w
. » z- 2
3 (Sem-5/CBCS) MAT HC 1 (V/0)/G © 3 - Contd,

3 (Sem-5/CBCS) MAT HC 1 (N/0)/G 2



Show that the function' f (z) =Rez
is nowhere differentiable.

© 0

(i) Let T(z)=22*D where
~ cz+d

ad-bc#0.

Show that lim T(z)=w if ¢=0.
3+2=5

(d) Let C be the arc of the circle |z|=2

" from z=2 to z= 2i that lies in the
ﬁrst quadrant. Show that

zs+4 dz | < 67r
cz -1 7
(e) State and prove fundamental theorem
. of algebra.

4. Answer any three questions from the
following : '

Show that exp(z+ ri)=-exp(z)
1

(@ ()

(i) Show that |
log(-1+i)% = 2log (-1+1) 2
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10x3=30

(nz} Show that
|smz| = sin x+sznh2y 2
'(iv) Show that a set ScC is un-
bounded if and only if every
neighbourhood of the point at

. infinity contains at least one pomt
-of S. _ -5

Suppose that f(z,)=9(20)=0
and that f'(z,), g'(zo) exist with
g'(z)=0 Using the definition of
derivative show that

’ f(2) _ f'(zo)

®)

S
z-*zog(Z) g'(2o0)
(i) Show that S
s - 32
z _ «©
z° e”? _Z"=2,——(n-2)lz ’

- where |2|<». : ) 5
(c) State and prove Laurent’s theorem.

@ ()

Using definition of derivative,
show that f(z)=|z|? is nowhere

differentiable except at z= 0. 5
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€ f)

(i)

Define singular- points of a

function. Determine singular:

points of the functions :

2z+1
z — AR
f( ) z(zz+1) ’
(@)= 144=5
I z2-3z+2. ) ‘—

Let f(z)=u(x, y)+iv(x, y) be
analytic in a domain D. Prove
that the families of curves
u(x, y)=c, vlxy)=c, are
orthogonal.

Let C denote a contour of length L
and suppose that a function f(z)
is piecewise continuous on C. If M
is a non-negative constant such
that =~

|f(z)|<M for all zin C
then show that .

<SML. 5+5=10

[f(z)dz
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iR

(iti)

(iv)

 functions w(t). - 3
Stéite Cauchy-Goursat theorem.
' ) T 1
N - | 22 +1 .
Show that lim =00- | 2
’ z>o Z—
Contd.
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'Prove that two non-zero” complex
‘numbers z, and'z, have the same .

moduli if and only if 2 =¢ €2,
2, =0 Gy, for some complex
numbers ¢;, G 4
Show that ‘mean value theorem of
integral calculus of real analysis
does not hold for complex valued




. OPTION-B - (h) Let Aand B be two subsets of a metric
(For Old Syllabus) - space (X d). Which of the following is
( Riemann Integratton and Metric Spaces ) - L : not correct ? :

) AcB :>Av’<=-'B' |
@i (ANB) c ANB

- Full Marks : 80
Time : Three hours

The figures in the margin indicate , i) A'NB c (ANB)-
Jutt marks for the guestions. . (v (AUB)=A"UB"
1. Aﬁswer the following questions : 1x10=10 " () The Euclidean metric on R" is defined
(@) Write the statement of ‘the First ' . as o %
. - n
Fundgmgntal Theorefr; of Calculus. - | @ diy)- { 3 (x - v )2}
® 3 : T oy 3 : i=
(b) Evaluate I o e”"d{C, if it exists. ! l@ ' | i=1 2y
: | | | . ) .
- | L # dxy)={Y|x-ul”
(c) Prove that I‘(l): . o ; @ \ (x. y) {gl | ' }
(d) Défine a complete metnc space. | ' where p>1
(e) Descnbe an open ball in the discrete . (@) d(x, y): max |xl ‘yil
tric space (X, d). ‘ _‘ .
~ metric space (X, d) () dlx, ¥)= sup |x- yi
1) (AUB)° need not be A°|yBO — . lsisn
Justify it where A.and B are subsets ' ' ‘ Where x:(xl, Xo, ...'xn)
of a metric space (X, d). o y=(s Y )
- (g) Find the derived sets of the intervals | are any two ‘points in R".
| (0,1) and [0,1]. ' '(Choose the correct answer)
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0)

Answer the followip‘g questions :

(@)

Let (X, dy) and (¥, dy) be two metric

space
on X. Then for any BcY.

0 fUB)erB)

@ 7B < r7(B)

@ FB) < f(B)
@ f(B)=TB)

(Choose the correct answer)
2x5=10

Let f(x)=x on [0,1] and

S .
P"{xz'=Z) l=0)1:'”,4}

Find L(fP)andU(fP)

(b)

Let f:[0, al->R be _given by
(x)-—x2 Flnd

[ reax

- 10

sand f: XY be continuous -

3.

(c)

(@)

(e)

Answer any four pa‘rt'g :

(@)

(b)

()
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o
Show that nl_ﬁoé

Lét (X, d) be a metri¢ space and 4, B
- be subsets  of:

X.- Prove 't.hat '
(ANB)° =

If Ais a subset of a metric space

AOnBO

.(X d), prove that d(A) d( )-

Let (X, dy) anid (Y, dy)be two metric’

spaces. Prove that if a mapping
f: X Y is continuous on X, then °

-1 (G) is open in X for all open subsets

‘G‘ofX

5x4=20

mtegrable

r? +n? =log+/2 :

Let (X,d) be a metric space. Define
d: XxX—->Rby. -
e y)=2ey)

b )= ety )forall
x,y e X . Prove that d' is a metric
on X.

Contd.



(@)

4. Answer any four part‘s‘:

" to closed — Justify it.

Let X=c[a,b]. a;ld .
d(f, g)=sup{| f(x)-g(x)|: a<x<b}

be the associated metric where
f, g € X . Prove that (X,d) is a
complete metric space. = -

Let ( X,d). be a metric space. Prove
that a finite union of closed: sets is
closed. o .

Infinite union of closed_sets’ need not

3+2=5

Let (X, dyx ) and (Y, dy) be two metric ,

spaces and f:X —>Y be uniformly
continuous. If {x,}n.»1 is a Cauchy

sequence in X, prove that {f(%:)},s;

is a Cauchy sequence in Y.

10x4=40

(@ () Let f :[a,b]>R be continuous.

Prove that f is integrable. 5

(ii) Discuss the convergence of the

T 1 .
integral ‘! P dx for various values

at p. S
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- ()

(c)

()

(i)

(%)

@
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Lo 0o
S,,=I‘. dx—>0 as n—>»
. ‘a1+x ‘ -

_ set.

Let f : [a,b] >R be continuous
on [a, b]. Prove that there exists
ce [a, b] such that

[Pl ax= £ (o)

Usihg it prove that for —-1<a<0
and neN RO ’ '

xn

_ 3+2=5
Let f: [a, fJ]—)IR be- monotone.
Prove that there exists' c ela, b]
such that

| £ de= Fla)e-a)s 1) -0
S

Prove that a convergent sequence
in a metric space is a Cauchy .
sequence. ' T -
Show that in the discrete metric
space every Cauchy sequence is
convergent. 3+2=5

Define an open set in a metric
space (X,'d). .

" Prove that in any metric space

(X, d), each open ball is an open
. 1+4=5
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(i)

Let (X, d) be a metric space and .

F be a subset of X. Prove that Fis
closed in X if and only if Feis open

in X. 5

Let (X,d) be a metric space and

Y a subspace of X. Let Z be a
: subset of Y. Prove that Z is
open in Yif and only if there exists '

an open set GcX such that

L Z= GﬂY ' 5

Let (X, dy ) and (Y dy ) be metnc
spaces and Ac X. Prove that a
function f:A—>Y is continuous
at ge A if and only if whenever

a sequence {x,} in A converges
to a , the sequence {f(x,)}
converges to f(a).. 6

Prove that a mapping' f: XY
is continuous on X if and only if
F-1(F) is closed in X for all closed

subsets F of Y. | 4
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(i)

(1)
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Show that the function
f: (o, 1)_)I[R defined by

f (x)- = is not umformly
contmuous : -5

Let (X, d) be a miétric ‘$pace and

" let xeX and AcX be non-

empty. Prove that x e A if and on1Y ’
if d(x, A)=0. 5

D'efme a connected set in é, metric

space. ,
Prove that if Y is a connected set

in a metric space (X, d), then any

set Z such that YcZcYy, is
connected. 1+4=5

Let (X,d) be a metric space.

Prove that the following statements

are equivalent : . '

(@) (X,d) is disconnected

(b) there exists a continuous'
. mapping of (X,d) onto the -
"discrete two element space

(eido)

* Contd.



(h) Let (R, d) be the space ,of real numbérs
with -the usual metric. Prove that a

subset I of R is connected.-if and only
if Iis an interval. . ‘
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Time : Three hours

The ﬁgures in the margin indicate

Jull marks for the questions.

1. Answer the followmg questions as directed :

(@)

(b.)
(c)

‘Let A=[ 1 -3 —2) and i=| 3.

1 x10=10

5
5 9 1 5
Check whether i is in null spa'ce‘bf A

Define subspace of a Vector space.

Give reason Why IR2 is not a subspace
of R3, :

Contd. -



2. Answer the following questions :

(d)

(e)

@

)

)

0

State whether the following statement
is true or false : '

“If dimension of a vector space V is
p>0 and S is a linearly dependent
subset of V, then S contains more than
p elements.”

If X is an eigenvector of A
corresponding to the eigenvalue A then

what is A3%x ?

When two square matrices A and B are
said to be similar?

If §=(1 -2 2 4) then find [3].

Find a unit vector in the direction of

- - [8/3
U= .
2
Under what conditidn two vectors i

and ¥ are orthogonal to each other ?

Define orthogonal compleinent of
vectors.

- 2x5=10

x .
(a) Show that the set W={[y] xyzo} is

3 (Sem-5
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2

il

(c)

()

() Show that the matrix A= T -
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() Let b =[f],52 =['ﬂ, 55:[;] and

- B= {b,, b,}. Find the coordinate vector

. [x]ﬂ of X relative to 'B. .

Find the eigenvalues of A =[§ 2] .

Let P, be the vector space of all
polynomials of degree less than equal

- to 2. Consider the linear transformation

T:P, » P, defined by

Tlag +ayt +agt?)=a, +2a,t. Find the
matrix representation [T]g of T with

respect to the base g= {1,.t, t2 } )
. -
T

1

[ )

N

L_O

has orthogonal columns.

Contd.



Answer any four questiops : 5x4=20

- |2 o471 &
If y=[3]andﬁ=[_;] then find the

4

| - (e)
Let S=1{vy,V9,...,0,( b i C : A
@ - { 172 v? } _ e“ a set in the orthogonal projection of 3 onto # and
Yector Spflcehv and H = span (S). Now ~ write § as the sum of two orthogonal
if one o the vector in S, say v, " vectors, one in span {1‘2} and the other
is linear combination of the other orthogonal t
vectors in S, then show that S is g o u.
linearly dependent and the subset of , 1
S, =S -{vi} still span H. 2+3=5 /R W = span{x,, x,} where x =|1],
. ‘ 1
(p) Show that the set of all e1genvectors C 11
‘ corresponding to the distinct 3
eigenvalues .of a nxn matrix A is } 1 . . .
 linearly independent. | *2=! 3|, find a orthogonal basis for
. (c) Let W be a subspace of the vector space - 2 ' |
Vand Sis a linearly independent subset | 3
of W. Show that S can be extended, if w.
form a basis for W and
necessa;‘yf to Answer either (a) or {b) from each of the followmg
dimW sdimV. questions : . , '10x4=40
‘ 4, (a) Fmd a spanning set for the null space
i1 3 3 of the matrix :
(d) If A= -3 -5 -3]. Find an ] ~ [-3 6 -1 1 -7
3 3 1 A _ A=l 1 -2 2 3 -1
2 -4 5 8 -4
. trix P and a diagonal L, .
mveft‘b‘e mah that A= PDP-;g Is this spanning set linearly
matrix D suc independent ? 8+2=10
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i) If a vector space V has a basis of
 n vectors, then show that every
basis of Vmust cons1st of exactly

n vectors. - 4

(iij . Find a ba81s for column space of

thefollowmgmatnx . 6
1 40 2 -1
3 12 15 5
B=l, 813 2
5 20 2 8 8

Define eigenvalue and eigenvector of a
matrix. Find the eigenvalues and
corresponding eigenvectors of the

2 3 4
matrix [3 _6]. 2+8=10

Let T be a linear operator on a finite
dimensional vector space V and let W
denote the T-cyclic subspace of V

generated by a non-zero vector veV.
If dim (W)= k then show that

0 {5TE),T°0)... T @)} is a

pasis for W.

6

@) If | I
agv + T @)+ ... +a  T* @)+ T*(v) =0,
then the characteristics polynomial

of T, is
f (t) (-1F (ao +apt+ ..+ ak_lt" 14 tk)
N "6+4=10
(@) (i) Define orthogonal set of vectors.
Let S= {ul, iy, .. up} is an
orthogonal set of non-zéro vectors
in R, then show that Sis linearly
independent. 1+4=5
(ii) For any symmetric matrix show that
any two eigenvectors from different
eigenspaces are orthogonal 5
.(b)‘ Define inner product space. Show that
the followmg is an inner product in R?2
(u, V) = 4y, +5uy0,
Where u=(y, w,), v=(v, vy)eR?
Also, show that in any inner product
space V,
(o) <Qul-Iol, vuvev.
2+4+4=10
3 (Sem-5/CBCS) MATHC2/G 7  Contd.



7. (a) (i) Consider the bases B={b, by}
and 7={¢, ¢} for R2 where

aolal o3 o[]

(-5
and ¢; = 7], find the change

of coordinate matrix from y to g
and from B to . 5

(i) Compute Al where
— ‘.4 _3 ' .
A= 2 - 1 ’ L 5

) (b) State Cayley -Hamilton theorem for
' '\matnces Verify the theorem for the

matrix M =[ :i 21] and hence find
M-L. S
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