3 (Sem-5) MAT M 1

2018

MATHEMATICS
( Major )
Paper : 5.1

( Real and Complex Analysis )

Full Marks : 60
Time : 3 hours

The figures in the margin indicate full marks
for the questions

1. Answer the following questions : 1x7=7

(a) Evaluate :
8.2
lim Y

(x,9)-(0,0) x2y? +(x? -y

2)2

Find the infimum of all upper sums of
the function f(x) =3x +1 on the interval

[, 2]

(b)
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(2)

() When is an i
mproper int s
convergent? egral said to be

(d) D;ﬁne uniform continuity of a functj
. o
whose domain and codomain ar n
complex numbers. i

(e) Justify whether true of false :

If a complex valued function £ (7 is

analytic, then the
harmonic.” real part of f (2 is

(f) Verify whether the transf,
ormation

w=z3is conformal or
of the region [z|<1, not at all points

(9) Wri '
) Write the physica] effect of g i
region

transformed fi
fom  z-plane
to w-plane

'l.ln = )

2. Answer the follows:
IOWlng .
questlons v
’ 2x4=8

(a) Show that the

. ; follow;i
dlscontmuous at lowmg function is

the origin -
1
T g=1x2 07 k=00

0 A (x’y)=(0,0)

/268
( Continued )

(3)

(b) Prove that for a bounded function f
j: faxs[ fdx

(Symbols have their usual meaning.)

(c) Test the convergence of
b

0
1—x3

(d) Prove that the cross ratio is an invariant
quantity under bilinear transformation.

3. Answer any three parts : 5x3=15
(@) Prove that if f, and f, are both
b) of the

differentiable at a point (&
domain of definition of a function f,

| then
fry(@ D)= fyx(@ D)

(Symbols have their usual meaning.)

(b) Prove that a monotonic function on a
closed interval is integrable therein.

A9 /268 ( Turn Over )



4
Y (5)

(¢) Show that the i
integral
a (i) If x=rsinb cosy, y=rsinBsin ¢,
Jvnfz sin™ x z =rcos6, then show that
o dx

xt %Y 2 _ 2.9
a(r, 6, ¢ 5

EXiStS, iff n< m+1.

(b) (i) Show that the function f defined as

(d) Let f(d=u+iv, zi -
iy an(azl)yﬁu tiv, zis a complex number Fl= il
€ INn a region R. Prove that ’ on
Ju 1
¥=_§5U’@=~1 3 when n+1<xsal?, F0)=0 is
r or :_&)E 2
integrable on (0,1]. S
fe) Let f(z, z is a com 1 (i) If f and g are both differentiable on
analytic inside ang on fhsz SHaber, be (@ b] and if f* and g’ are both
a simply connected Sandary Cof integrable on [q, b], then prove that
region R. Prove that
: b /
Fa-Ly f [ g bade =17 () gLtk —J, 909 f (9 dx
2mi c( z-q)? dz 5
. 5. Answer either (a) or (b) :
4. Answer elther(
a) or (b) :
(@) (i) Prove that if f is bounded and
(@ i) Pro integrable on [a, b], then |f|is also
Vel bounded and integrable on [q b]
92y 52 but the converse is not true. S
v
— X 0
0x? dy? (i) Find a bilinear transformation that
is  invar maps points z=0, -1 —1 into w= 1,
re At for o 1, 0, respectivel 5
Ctangular dktag ange of y Y, P y.
) /268 . 5

( Continued ) A9/268 ( Turn Over )



(6)

(b)

(i) For what valu
] e of m :
integral dndin 15 the

1
—1; iy
onm (-%9"llogxax

convergent? 5
[ x] and f and g are positive in (b)
fign Ly
X—oo g(x)

where [ is an
on-zero finite

n
then the two integrals umber,

-[:fdxandf:gdx

converge or diverge together

5
6. Answer either (a) or (b) :
(a) () Prove that f(z=23 is yni
continuous but it
ikl
. za
1s not uniform| 1
ol Y continuous in the
5
A9/268

( Continued )

(i)

(1)

A9—5500/268

{ 79

Find a function U such that
f@=u+iv, z is a complex number,
is analytic, where

u=x2—y2 —2xy-2x+3Y 5

Evaluate Ic-é dz along the curve C
given by the line from z=01t0 2= 3i
and then the line from z=31 to
z=6+3L 5

Evaluate

Z2

§ _® .y
C (z—l](z-—fl)

2z
€ _dz, where C is the

z+1)*

circle |z|=3.

and

342=5

* % K
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3 (Sem-5) MAT M 2

2018

MATHEMATICS
( Major )

Paper : 5.2

( Topology )

Full Marks : 60

Time : 3 hours

The figures in the margin indicate full marks
for the questions

1. Answer the following questions : 1x7=7

(a) Describe the open spheres for any
discrete metric space (X, d).

(b) Find the derived sets of the following
subsets of R :

A=]0, 1], B={2n+1:neN}

n
il= {—-1— ‘ne N}
n
(c) Define a Cauchy sequence in a metric
space (X, d).
(d) Define a topological space and give one
example.

A9/269 ( Turn Over )



flz )

(e) Let
X={a, b, c} and
is a topology oi }::'{ Q)I:“i;a;’ f: b .b}’ et
of A={a, b}. & e derived set

() Let &
gt bef the topology on N which
e E) ¢ and all subsets of the
What a"; ={m, m+1, m+2, ...}, meN.
e the open sets containing 47

(g9 What ¢
; 0 you m
Give one eXam;f: by a Banach space?

2. Ans

1 Wer the following questions : ox4=8
a) Show th '

closed s at- every closed interval 1S @
. €t in the usya] Nasitic bn R

Let f be ; -

a ;
defined by apping from R into R
f(JC)={_2 wWhen x<0
Examin T way
€ wh ;

respect to thether [ is continuous With
(c) Let (x ¢ Usual topology on R.

and xn, ﬂ]}lc)azz a normed linear spact

Xn Yy = x4y Yo = yin X. Show that
(d) PI' ove ‘

th
produ © Parallelogram law i inner
ct space (X ( )) W in an 1nn
/269 e

/ Continuéd )

( 3)

5x3=15

3. Answer the following questions :
d A and

(@) Let (X, d) be a metric space an
B be subsets of X. Prove that—
(i) AcB= D(A)c D(B)
(i) D(AV B)=D(A)V D(B)
and .7 be the collection
of all those subsets of X whose
complements are finite together with the
empty set. Show that .7 is a topology
on X. What do you call this topology?
Or
Let (X, &) be a topological space and
AcC X. Prove that A =AU D(A).
is a normed linear space

(b)) LetX be any set

() Show that R™
with some suitable norm.

Or
be an inner product space.

Let(X’ (7))
Prove that for all x, Y& X
4(x, Y) =nx+yn2—nx—yu2+inx+iyn2—inx—iyu2
10x3=30

4. Answer the following questions :

empty open set on
f a countable

n intervals.

(a) Prove that every non-
the real line is the union o
class of pairwise disjoint ope

Or

State and prove Cantor’s intersection

theorem for metric Spaces.
( Tum Over )
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(4)

(b) Let (X, d)be a metric Space and x,e X
be fixed. Show that the real-valued
function fxo (x)=d(x, Xo), xeX is
continuous. Is it uniformly continuous?
Let (Y, P) be another metric space and
f:X—>Yhbea mapping. Prove that fis
continuous if and only if the inverse
image of every open set in Y is an open
set in X. 24147

Or

Let X be a metric Space and Y be a
complete metric space. Let A be a dense
subspace of X. If s Alls §r 1 uniformly
continuous, then prove that f can be
extended uniquely to g4 uniformly
continuous mapping g: X — y.

(c) Prove that a metric Space is compact if

and only if it ig complete and totally
bounded.

Or

Let {A): 0 e A} be g family of connected
Subsets of g SPace X such that

BT

AeA

Prove that U4, isa Connected set in X.
AeA

* ok ok
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3 (Sem-5) MAT M 3

2018

MATHEMATICS
( Major )
Paper : 5.3
( Spherical Trigonometry and Astronomy )
Full Marks : 60
Time : 3 hours

The figures in the margin indicate full marks
for the questions

1. Answer the following questions : 1x7=T7

(a) State one fundamental difference
between a spherical triangle and a plane

triangle.

(b) Define polar triangle and its primitive
triangle.

(c) Mention one property of pole of a great
gircle:

(d) What is the reason of the oval shape of
the sun at rising?

(e) Explain briefly the dynamical
significance of Kepler’s second law of
motion.

() Define orbital period and synodic period
of a planet.

(9) What is the declination of the pole of the
ecliptic?

A9/270 ( Turn Over )



(2) (3)-

2. Answer the following questions :

2x4=8 (c) Prove that
(a} I?Jfljnga]a ;e;.t(i-diagram’ diSC'LlSS how cosV = M and sinv = .——'l_egsmE
body are meaSUr:jates e 1-ecosE l1-ecosE
(b) Prove that section 01: als where v. is the true anomaly and .E is the
Is a circle, phere by a plane eccentric anomaly at any position of a

planet in its orbit.

right ascension o and (d) If Ais the moon’s celestial latitude at the

instant of opposition, m and p her
hourly motions in longitude and latitude

A =tanesing respectively, s the hourly motion of the

& Deing opy; ui sun in longitude and C the sum of semi-

(d) The appare:t .'3 Ak FoHpac. diameters of the moon and that of the

refraction is 30t°“11de of a star due to earth’s shadow, show that the duration

aJtitude, the - Calculate the true of the lunar eclipse is the difference
being 58.97 Coefficient of refraction between the two roots of t, given by

C2 =(A- pt)? +(m-92¢2

i 5 «3=15 (e) Define geocentric parallax. Show that
/i port jg it geocentric parallax of a heavenly body
longityge A Alitude ¢ (north) and varies as the sine of its apparent zenith
Ongitudes op o0 Show that the distance.
distance S fro Places o the equator
™ the port are 4. Derive cosine formula related to a spherical
4 Tcos™l (CosﬁseC l) triangle. In an equilateral spherical triangle
() What doy, e ABC, prove the following :
ofa starp Proy 2y Ising and setting . @ . A
a star gt thids € that the hour angle H of ] QCos5 . smE =1
me o Setting ; " b
COSH « _ SESEven 2 (i) secA=1+seca 6+4=10
tangtan §
A9/270 A9/270 ( Turn Over )
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(4)

S. (a) Derive the formula for refraction
R=ktan(

€ being the apparent zenith distance of a
heavenly body. Mention one limitation .
of this formula. ohl=

(b) 1f z and z, are the zenijth distances of a
Star at upper and lower culmination
respectively which are on opposite sides
of the zenith, prove that

5=90"-2722 214 g=0pe_Z2-2

2 2
where § is the declination of the star and 4
¢is the latitude of the Place of observer.

will be
Dy =Bcos J
where tan j=1—t%ni the other Symbols carry
usual meaningsg, 2+8=10
Or

Discuss the effects of

: ) annual parallax on
celestial longltude and |

. 10
atitude,

*ok &
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3 (Sem-5) MAT M 4

2018

MATHEMATICS
( Major )

Paper : 5.4
( Rigid Dynamics )
Full Marks : 60

Time : 3 hours

The figures in the margin indicate full marks
for the questions

1. Answer the following questions : 187=T

(a) Write down the moment of inertia of
a circular disc of mass M and radius
a about an axis through its centre

and perpendicular to its plane.

(b) Define radius of gyration of the rigid
body about a line.

A9/271 ( Turn Over )



(2) - (3)

(c) State the principal axes of a rigid (b) A body with one point fixed rotates

body at a point O of the body. with angular velocity (0, 0, 2). Find

(d) A rigid body rotates with . the magnitude of the velocity of a

velocity @ about a fixed wtls il particle of mass m qf the body
located at the point (3, -4, 1).

denotes the moment of inertia of the
body about the axis. Write down the

expression for the kinetic energy of (c) Find the number of degrees of

freedom for a rigid body which has

the body.
(e) What do one point fixed but can move in
s YOU mean by holonomic space about this point
ystem? P p .
(f) Defi ;
€line conservative system. (d) A rigid body of mass 2 units rotates
—»
. . i -
(g) State the theorem of the Srmcivie of with angular velocity o=( 1, )
conservation e and has the angular momentum
bod of energy of a rigid o T i
A Q = (2, 3, - 1). Find the kinetic energy
of the body.
2. Answer the f
1 .
ollowing questions 2x4’3

3 particles of 3. Answer the following questions : 5x3=15

(@) Find the moment of inertia of a

2 -1 3
an
Find the md =22 1) respectively hollow sphere of radius a and mass
(i) the y- OTments of inertia about M about a diameter.
WIS and (i) the .
e A9/271 ( Turn Over |
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(b)

(c)

A9/271

(4)

Or

If the moments and products of
inertia of a body about three
perpendicular concurrent axes are
known, find the moment of inertia of
the body about the line
Loy
n

I m
State d’Alembert’s principle and use
it to obtain the equations of motion
of any rigid body.
Or

Show that the motion of a body
about its centre of inertia is the
same as it would be if the centre of

inertia were fixed and the same
forces acted on the body.

The lengths AB and AD of the sides
of a rectangle ABCD are 2a and 2b
respectively, Show  that the
inclination to AB of one of the
principal axes at A ig

1
Etan‘l ——%@;
2(@” - b?

( Continued )

(5)

4. Define impressed forces and effective

forces. A uniform rod of length 2a
revolves with uniform angular velocity ®
about a vertical axis through a smooth
joint at one extremity of the rod so that it

describes a cone of semivertical angle a.

Show that

3
2 g

= dgeoan. . 2¢8el0

Or

(@) A plank of mass m and length 2a is
initially at rest along a line of
greatest slope of a smooth plane
inclined at an angle o to the horizon
and a man of mass M, starting from
the upper end walks down the plank
so that it does not move, show that

he will reach the other end in time

4 Ma
(m+ M) gsino =

19/271 ( Turn Over )




(6) e

(b) A rod revolving on a smooth Qs
horizontal plane about one end, Write down the equations of motion of a
which is fixed, breaks into two parts; rigid body in two dimensions under
what is the subsequent motion of impulsive forces. Two equal uniform -
the two parts? rods, AB and AC, are freely jointed at A,

and are placed on a smooth table so as
to be at right angles. The rod AC is
5. .
(a) ip::edumn;ls supported at O and P struck by a blow at C in a direction
cen : . r
that if d; of oscillation. Sho¥ perpendicular to itself. Show that the
an additi : oy
itional weight is rigidly resulting velocities of the middle points of

attached I
gt % at P, the period of AB and AC are in the ratio 2:7.  3+7=10
oscillation is unaltered

: | * % *
(b) Use Lagrange’s equations to find the

differentia] €quation for a compound
pendulum whjcp oscillates in 2

vertical plane about a fixed
horizonta] axis

body i I
a t-y In two dlmensions when the fureey
e
INg on the body are finite

66A9—5500 /271 3 (Sem-5) MAT M 4
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3 (Sem-5) MAT M 5

2018

MATHEMATICS
( Major )

Paper : 5.5

( Probability )

Full Marks : 60
Time : 3 hours

The figures in the margin indicate full marks
for the questions

1. Answer the following questions : 1x8=8

(a) Write the condition for the outcomes
of a random experiment so that
p+gq=1 p and g being the
probability of success and failure
respectively.

(b) 1f Sis the sample space in a random
toss of 7 coins, then write the
number of elements of S.

A9 /272 ( Turn Qver )



(c)

(d)

(e)

(9)

A9/272

(2)

Is the probability mass function
x -1 0 1
p(x) [04]|04]|03

admissible? Give reason.

Sketch the area wunder any
probability curve with probability
density function p(x) between x =c¢
and x'='d represented by

PesX<d)=[" p(xdx.

For a discrete random variable X
with probability function p(x), rth
moment about A is ) (x - A) P (x).
What are the values of r and A for
() E(X) and (i) var (X )?

The density function of a random
variable X is given by

2, Ocxech
flx) = ,

0, otherwise
Find EX)

What is the probability of getting
exactly 3 heads in 6 tosses of a fair
coin?

(h)

2. Answer any four of the following :

(@)

(b)

(3)

Name the distribution in which
mean is the square of its standard
deviation.

If A and B are two possible outcomes
of an experiment and p(A)=0-4,
P(AUB)=0-7 and P(B)= p, then
for what value of p, A and B become
independent?

A random variable X has the

following probability function :

0.2 I N G G - I - 7

0| k|2k|2k|3k|k2|2k2 | 7k2 1k

( Conn'nued |A9/272

Evaluate P(X 26) and P(0< x < 5).

Show that in a
distribution

(xii f;]: i:'l: 2: e, n
mathematical expectation of the

random variable is nothing but its
arithmetic mean.

frequency

( Turn Over )
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(4) (5)

(d) Define Poisson distribution and 4. Answer any two from the following :

hence prove that ) p(r)=1 i
oo (@) Let X and Y be two random variables
each taking three values -1, 0, 1
and having the joint probability
distribution as given in the following
table :

(e) If the random variable X is normally
distributed with mean p and variance
02, show that the mean of the

variate

is always zero. 0 % P

the following : =10 : i
3. Answer any two from the following : 5x2 Obtain the marginal probability

(a) Prove that two events A and B are distribution of X and Y.

independent < P(ANB)= P (A) P(B).
(b) The probability function of a random

(b) A man has five coins, one of which variable X is given by
has two. heads. He ra-lndomly takes x2/81, -3<x<6
out a coin and tosses in three times. Jx)= 0 otherwise
What is the probability that it will ’
fall head upward all the times? Find the probability density function
for the random variable
(c) For two independent events A and B, 1
prove that (i) A and B are e 5(12-X}
independent and (i) A and B are
independent.
A9/272 ( Turn Over )
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7
{6 ) (7))

; 6. Answer any two from the following : 5x2=10
(c) A random variable X has density Y g

function (a) Prove that for the binomial

3% distribution with parameter n and p,

cens x>0
f(x) = . d n
0 M <0 variance cannot excee 4

Find (i) the constant ¢, (i) P (1< x <2

and (i) P(X > 3) (b) Derive Poisson distribution as a

limiting case of binomial distribution.

e =1(
5. Answer any two from the following : 5x2 (c) Prove that the mean and variance of

a binomially distributed variable are

(a) Prove that _ i
respectively @ = np and 6“ = npgq.

var (ax + by) = a® var (x)+ b var (y) + 2abcov (x, Y

(b) A random variable has the following * ok ok

probability distribution :

X 0 1 2 3
plx) | 0L 103 | 04 | 02

Find (i) E(X) and (i) var (X).

(c) A continuous random variable X has
the probability function given by

_.2_
2o i)

f(X):[ 0 ¢ x20

Find (i) E(X) and (i) E (X ?).
\9—5500/272 3 (Sem-5) MAT M 5
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3 (Sem-5) MAT M 6

2018

MATHEMATICS
( Major )

Paper : 5.6

( Optimization Theory )

Full Marks : 60
Time : 3 hours

The figures in the margin indicate full marks
for the questions

1. Answer the following questions as directed :
1x7=7

(@) Given a system of m simultaneous
linear equations in n unknowns (m < n),
the number of basic variables will be

() m
(i) n
(iii) n-m

(iv) n+m
(Choose the correct option)

A9/273 ( Turn Over )



(2) (3]

(g Which of the following is not a convex

(b) Express the vector x = (5, 9) as the linear
set?

combination of the vecto
rs a =(l, 2),
B=@ 4)
( ) (b, xg): X +x5 =1}
c) Defin i joini
€ a line segment joining the points (i) {(x, x2): x| <1 |xg] =1}

x and y in R2,
(if)) {(xy, Xg): XZ +0xp —1)? <4}

(d) The set of all feasible solutions of an
(iv) None of the above

I is a —_— Set-
( ) ( 1 ]

(¢) In standard form of an LPP, aj] the
constraints are expressed i :
1 n th - i
equations, except for the nonfnft.:o;.:i\?: A e v SrE S i
restrictions.
(@ Show that a hyperplane in R™ is a
(State True or False) convex set.

(b) Define the convex hull of a set AcR".

(f/ A nec )
éssary and sufficient condition for
Determine the convex hull of the set

B e
FS to a maximization LPP to be an

optimum is (for al] 7 Wy \
= xl, x2 h
(i) 2 =C; >0
" (c) Prove that x; =2, x5 =-1 and x3 =0isa
M z, -¢c. <0 . . ;
JoEj s solution but not a basic solution to the
(iii) zj~¢c; =0 system of equations

fiv) z. —c.
i~¢>0o0r<0 9x; —6xy +4x3 =24

(Choose the correct optiorl)

A9/273
( Contintt®
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(4)

(d) Write the dual of the following primal
problem :
Minimize Z =5x; +3x3

subject to
31.'1 +5x2 =12
5x; +2x5 =10

with X1 ZO, Xo >0

arts of the following :
3. Answer any three p e i
(a) Three different types of trucks A, B and
C have been used to transport a
ons solid and 35 tons ()

minimuin of 60 t

liquid substance. A type€ truck can carry

s liquid. B type€
lid and 2 tons

truck can carry 3 tons$

quid. The costs of
d 450 per
ectively-

truck can car
liquid and C tyP€

solid and 4 tons li
e €500, 400 an

transport ar
truck of A, B and C typ¢ resp
Formulate the
so that the tot

minimum.
What 18
problem?

(b)

25

1+1758

dl

4. Solve the following LPP by simplex method :

(5)

(c) Solve graphically the following linear

programming problem :
Maximize Z =5x; + 7%y
subject to
3x; +8x, £12
X, +xp £2
2x; £3

with x; 20, x5 20

Prove that the set of all convex
combinations of a finite number of

points of S¢ R™ is a convex set.

Find out all the basic solutions of the
equations :

2x1 +3X2 +Xg = 8

Xy +2x2 +2X3 =5
and prove that one set of solution is not

feasible.

10

Maximize Z =3x; +2X +5X3

subject to
x| +2x5 +x3 £430
3x; +2x3 <460
x; +4xy £420

with x;, x5, X3 20

( Tumn QOver )
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i (7)

Or; 6. Solve the following transportation problem by
Solve the followi using Vogel's a roximations method fi
M 0-10W1ng P B ctiod ¢ detefminagtion ofmI)BFS anc(l) show that t}‘:z
aximize Z =5x; +3x
; 2 i ion 1 :
subject to optimal solution 1s degenerate : 10

3x; + x5 <1 pp D D3 D4 G

3x, +4x, 212 o |10 20l B} 7 | 15
with x;, x, 20 Oy 18 9 12 8 25
0y | 15 | 14 | 16 18 | &
5 U b j 5 15 15 10
. Use Charnes Big-M meth
following LPP : od to solve the : Or
Maximize Z =3x, -x, A company has 4 machines to do 3 jobs.
subject to Each job can be assigned to one and only one
2X +x, 22 machine. The cost of each job on each
4% machine is given in the following table :
X +3x5 <3

XsiSd Machine
w X Y zZ
[a [ 18|24 | 28|32

with X1, X, >0

Or Job FB s | 13| 17 | 19
Uke . diidis c | 10| 15| 19 | 22
uality to solve the following : ]
Minimize Z =3y i Assign the jobs to different machines so as to
subject to L¥ X2 minimize the total cost. 10
2x, +
1, 20 * kK
X +3xg 21
\Nlth xl’ x2 >0
A9/273 A9-—-5500/273 3 (Sem-5) MAT M 6
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